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Fundamental aspects are presented of a two-temperature moment theory for quadrupole ion
traps developed via transformation of the Boltzmann equation. Solutions of the moment
equations correspond to changes in the ensemble average for any function of ion velocity,
because the Boltzmann equation reflects changes to an ion distribution as a whole. The
function of primary interest in this paper is the ion effective temperature and its behavior
during ion storage and resonance excitation. Calculations suggest that increases in ion effective
temperature during resonance excitation are due primarily to power absorption from the main
RF trapping field rather than from the dipolar excitation signal. The dipolar excitation signal
apparently serves mainly to move ions into regions of the ion trap where the RF electric field,
and thus ion RF heating, is greater than near the trap center. Both ideal and non-ideal ion trap
configurations are accounted for in the moment equations by incorporating parameterized
variables a˜ and q˜, which are modified versions of the commonly used forms for the DC and AC
ring voltages, and b˜ and d˜, which are new forms that account for the voltages applied to the
endcaps. Besides extending the applicability of the moment equations to non-ideal quadrupole
ion traps, the modified versions of the parameterized variables can have additional utility.
Calculation of the spatial dependence of ion secular oscillation frequencies is demonstrated as
an example. (J Am Soc Mass Spectrom 2006, 17, 889–902) © 2006 American Society for Mass
SpectrometryToday, a large number of analytical mass spec-trometers depend exclusively upon electric fieldsfor ion transport, manipulation, and mass analy-
sis. The fields employed may be static (e.g., time-of-
flight) [1], dynamic (e.g., RF quadrupole [2–5]), or a
combination of the two [6–8]. Improvements in perfor-
mance of RF devices have been realized by changes in
the physical configuration and applied potentials
[9–12], which produce electric fields of increased com-
plexity (e.g., hexapole, octapole, etc.). Furthermore, ion
motion and physicochemical phenomena in such RF
devices are influenced by the introduction of a buffer
gas at substantial pressure. The high number of ion-
neutral collisions resulting from extended ion residence
times and elevated buffer gas number density can prove
beneficial for ion cooling and focusing [13, 14]. In
contrast, the average kinetic energy of the ions also can
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doi:10.1016/j.jasms.2006.03.016be increased significantly above the thermal energy of
the neutrals via acceleration in an electric field. The
most widely used approach for ion acceleration in
electrodynamic ion traps, termed resonance excitation,
uses a relatively low-amplitude AC signal at the funda-
mental frequency of ion axial oscillations applied to the
endcaps [15]. An important application of that process
in RF multipole devices is collisional activation (CA)
[15], in which a portion of the ion-neutral relative (i.e.,
center-of-mass) kinetic energy is transferred into inter-
nal energy of the ions. In such instances, although the
kinetic energy associated with any individual collision
is generally small, the cumulative effect of multiple
collisions enables the collision-induced dissociation
(CID) of a wide range of ions [16]. Consequently, many
theoretical studies [17–23] and computer simulations
[24–29] of confined ion trajectories and the associated
ion-neutral collision processes have accompanied ana-
lytical applications of RF multipoles.
Rather than using relative kinetic energy and ther-
mal energy in describing gaseous ion transport, it is
often practical to consider two directly related quanti-
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gas temperature, respectively. In the context of mass
spectrometry, the effective temperature has often been
viewed as the temperature characterizing a Maxwell-
Boltzmann energy distribution of ions that would pro-
duce a specified rate for a well-characterized, tempera-
ture-dependent ion process [32, 33]. In the case of the
kinetic method [34], the ratio of fragment ion abun-
dances resulting from the dissociation of a proton-
bound complex, for example, is used to determine the
effective temperature. That is, the effective temperature
characterizes the behavior of a system with respect to a
particular phenomenon rather than the collisional envi-
ronment itself. In contrast, as indicated in the descrip-
tion below, the effective temperature in this work does
describe the state of the system as related to the relative
ion-neutral kinetic energy.
Using simple momentum transfer theory, Goeringer
and McLuckey [35, 36] have developed phenomenolog-
ical equations for the effective temperature and CID
during resonance excitation in ideal quadrupole ion
traps. The effective temperature is a property that also
can be determined using ion trajectory simulation tech-
niques to understand ion motion in complicated electric
fields [25, 26]. Such fields typically can be calculated for
a variety of device geometries and applied potentials,
following which numerical integration of Newton’s
equations enables simulation of the complicated ion
trajectory. The use of various mathematical methods,
ranging from constant damping terms to Monte Carlo
methods [29, 37–39], allows collisional processes to be
approximated in such simulations. The weakness of
such trajectory simulation approaches is that investiga-
tion of the collective behavior of an ensemble of ions
requires trajectory simulations to be performed for
multiple ions, either individually or simultaneously.
The two-temperature concept also has been used in
applying the Boltzmann equation to calculate for exam-
ple, collision broadening in ion cyclotron resonance
(ICR) [40], ion focusing in field-asymmetric ion mobility
spectrometry (FAIMS) [41], and the effective tempera-
ture in ideal quadrupole ion traps [42]. The advantage
of using the Boltzmann equation is that the relation-
ships between effective temperature and the ion-neutral
interaction potential, the ion and neutral masses, and
the electric field strength can be established, thereby
enabling a priori predictions to be made. However, the
resulting system of differential equations is complicated
and the collisional terms are difficult to calculate, except
in special cases such as the Maxwell model of constant
collision frequencies.
Because the Boltzmann equation [43] reflects changes
to the ion distribution as a whole, the use of moments of
the Boltzmann equation provides a kinetic theory [44]
that is intermediary between the momentum-transfer
theory and the full use of the Boltzmann equation. The
transformation of the Boltzmann equation into moment
equations enables the ensemble average value for any
property that is a function of the ion velocity to bedetermined from the corresponding moment. For exam-
ple, the components of the average ion velocity and
energy in the trap, the average ion temperature (effec-
tive and kinetic), and the ion number density can each
be determined as a function of position and time.
Conversely, the moment equations also are subject to
limitations of the Boltzmann equation from which they
are derived; the significance to this work is that appli-
cable systems are comprised of trace concentrations of
atomic ions moving through a pure, dilute buffer gas
consisting of unreactive atomic neutrals. It is important
to note as well that the moment equations cannot be
converted to new differential equations that can be
solved to reveal the position of individual ions, as is
typically done in ion trajectory simulations. However,
such simulations typically require many trajectories to
be calculated, either individually or simultaneously,
and the resulting data to be collected and further
processed to obtain ensemble average values.
Momentum-transfer theory, which is also the sim-
plest approximation to the moment equations, has an
inaccuracy of no more than 15–20% (and in most cases
only a few percent) for the transport of atomic ions in
atomic gases in the presence of electrostatic fields.
Higher-order moment methods, developed from two-
temperature [31–45] and multi-temperature [46, 47]
approaches to solving the Boltzmann kinetic equation,
provide a series of successive approximations for fur-
ther improving the accuracy. Momentum-transfer and
higher-order moment theories have been developed
recently for situations where the electric and magnetic
fields vary with position as well as with time [48].
Because the typical momentum-transfer collision fre-
quencies are much smaller than the RF frequency of the
fields and spatial gradients of the ion number density
are much smaller than the spatial variations of the
electric field in RF ion traps, it is feasible to apply
two-temperature moment theory to the devices. The
momentum-transfer approximation, for example, has
been deduced from the two-temperature and multi-
temperature moment theories of ideal quadrupole traps
and applied to ion storage in those devices [49]. The
purpose of this paper is to present, using sufficient rigor
but a minimum of mathematical complexity, the funda-
mental aspects of the two-temperature moment theory
for ion storage and resonance excitation in (ideal and
non-ideal) quadrupole ion trap mass spectrometers.
Background and Theory
Two-Temperature Theory
In two-temperature theory for drift tubes with electro-
static fields, the total kinetic energy, KEtotal, of ions
accelerated via electric fields through a neutral gas is
comprised of terms related to directed and stochastic
motion. The directed energy is obtained from the elec-
tric field and exhibited as ion drift motion along the
field. The stochastic energy is acquired from the thermal
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transferred into random motion via ion-neutral colli-
sions, and is equal to the relative (or center-of-mass)
kinetic energy, KErel. It is now well-established that
KEtotal is given by the expression in eq 1 [44], where  
denotes an ensemble average.
KEtotal12mv2
12MV2 12mvd2  12Mvd21 (1)
In the above equation, m, vd, and v are the ion mass,
drift speed, and instantaneous speed, respectively, and
the neutral mass and instantaneous speed are m and V,
respectively. The correction term, , is zero for momen-
tum-transfer theory and the Maxwell ion-neutral inter-
action model (see below), and in general has a magni-
tude about 0.1 for other types of interactions [50]. The
first term on the right hand side of eq 1 is simply the
thermal energy of the neutrals, which is equal to
(3/2)kBT, where T is the neutral temperature and kB is
the Boltzmann constant. For situations in which m 
M, most of the electric field energy is manifested in the
second term in eq 1 as increased vd, whereas the last
term in eq 1 can contribute to additional ion heating for
other cases.
It is straightforward to transform eq 1 into the
center-of-mass for an ion-neutral collision to give eq 2.
KErel
3
2
kBT
3
2
Mvd
21 MmM 32kBTeff (2)
Two-temperature theory thus indicates that the sepa-
rate effects of thermal heating and electric field acceler-
ation of ions can be combined into a single parameter,
the effective temperature, Teff, that is directly related to
KErel. Furthermore, ions present in trace amounts can
have Teff  T, because electric fields can increase KErel
to values considerably greater than thermal energy. By
using the above equations, and the relationship, KEtotal
 (3/2)kBTion, the expression for Teff also can be rewrit-
ten in terms of the ion temperature, Tion, as indicated in
eq 3.
Teff
mTMTion
mM
(3)
The drift velocity is constant for situations in which the
momentum-transfer collision frequency for ions and
neutrals is much greater than the rate of change in the
electric field, and for which the electric field strength is
not a function of position. Neither condition is satisfied
for the typical operating conditions encountered in ion
trap mass spectrometry. For example, at typical helium
buffer gas pressures of 0.1–1.0 mTorr, the momentum-transfer collision frequency is about 102–103 Hz, com-
pared with normal RF frequencies (/2) of 0.7–2
MHz. Except for ion-neutral collisions that can be
described by the Maxwell model, the momentum-
transfer collision frequency also is not constant (see
below) but instead is a complicated function of m, M,
Teff, the interaction potential, position, and time. Fur-
thermore, the fast RF ion motion modulates ion secular
oscillations that occur at lower frequencies, which are
the result of spatial variations in the electric field.
Besides the energy-transfer that occurs between collid-
ing ion-neutral pairs, collisions also can change the
phase of these oscillations resulting in RF energy gain
or loss and a concomitant change in oscillation ampli-
tude. The result is that the simple phenomenological
eqs 1–3 are inadequate for treating ion motion accu-
rately in such devices.
We have developed a more detailed kinetic theory
for ion traps, based on moments of the Boltzmann
equation, which is summarized below. Parameterized
forms of the moment equations also are formulated
using the electric fields associated with ion trapping
and dipolar excitation in both ideal and commonly used
ion trap configurations. In addition, a more thorough
evaluation of the momentum-transfer collision fre-
quency is made by treating such collisions with the
same detail as used for electric fields. Expressions are
developed for specific ion-neutral interactions gov-
erned by Maxwell and rigid-sphere models and by
more general potential functions that vary with the
separation distance.
Moment Treatment of the Boltzmann Equation
The Boltzmann equation [43–51] is a fundamental ki-
netic equation describing the effect of external fields
and ion-neutral collision processes on the time-depen-
dent behavior of an ion distribution function, f, in the
6-dimensional phase space of ion velocity, v, and posi-
tion, r. Thus, f(r,v,t)drdv is the number of ions at time t,
in the volume element dr near r, having velocities in the
interval dv near v. In ion traps, the electric field, E, is
position- and time-dependent, and is therefore written
as a function of r and t. Note also that average velocity
and acceleration are not equal necessarily to the time-
derivatives of average ion position and velocity, respec-
tively, because r and v are independent vectors in phase
space. Rather, the coupling of ion position, velocity, and
acceleration arises via changes in f(r,v,t) due to ion
motion, external electric fields, and ion-neutral colli-
sions. The ions are assumed to be present only in trace
amounts in a pure atomic gas, so that only the electric
fields and ion-neutral collisions affect the ion distribu-
tion function. Furthermore, the neutral gas distribution
function, which is independent of time or position in
the apparatus, has an equilibrium Maxwellian form
characterized by the gas temperature, T.
Because the Boltzmann equation reflects changes to
the ion distribution as a whole, it is not possible to
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single ion. Instead, for any function of ion velocity, (v),
the average value of that property for the ion ensemble
can be determined from the moment,  i, with respect to
f, as in eq 4.
ir, t
	ivfr, v, tdv
	 fr, v, tdv
(4)
These moments include, for example, the average ion
velocity given by eq 5 and the average kinetic energy
given by eq 6.
vr,t vr, t
	 vfr, v, tdv
nr, t
v v (5)
KEionr, t  
1
2
m
v(r, t)2

	 1
2
mv · v fr, v, tdv
nr, t
v
1
2
mv · v (6)
Here, the number density of ions, n, is given by eq 7.
nr, t	 fr, v, tdv (7)
Thus, knowledge of the distribution function would
enable any moment (or related quantity) to be found via
integration. However, solving the Boltzmann equation
directly for f is generally not possible. An alternative
method for determining moments involves transform-
ing the Boltzmann equation into a differential equation
that describes the desired moments themselves [44],
thus making it possible to find the corresponding
properties without determining f directly.
The transformation, which involves multiplying the
Boltzmann equation from the left by (v) and integrat-
ing over v, produces a partial differential equation for
 ir,t. Using  1 yields the equation of continuity that
expresses the fact that ions are neither created nor
destroyed in the apparatus, since neither the possibility
of ion sources or sinks nor of ion-neutral reactions are
considered in this work. The equation of continuity
then enables the time derivative of n(r,t) to be elimi-
nated from the transformed Boltzmann equation. Fi-
nally, terms involving the difference between the prod-
uct of two averages and the average of their product,
 iv  iv, and the difference between two similar
quantities,  i·v  ·vi, which both appear in the
transformed equation, will likely be small. The resulting
approximation for the general moment equation is
given by eq 8, which is an ordinary differential equa-
tion.d
dt
 i
e
m
E ·vi Jˆi (8)
Here, e is the ion charge, and the explicit indication of
time and position dependence has been dropped. The
action of the adjoint, Jˆ, of the Boltzmann collision
operator can be thought of as producing the average
rate of change in  due to collisions with neutrals. Eq 8
is actually an entire system of ordinary differential
equations for the set of functions i in v-space, since for
each i, evaluation of Jˆi usually involves expansion as
a linear combination of other members of the set. The
equation for each moment  i can then be solved, in
principle, only if the higher order moments (i.e.,
i1, i2, . . .) are known. Because the system of expres-
sions represented by the general moment equation is
infinite, it has to be closed by some type of truncation
procedure based on properties of Jˆi [48].
Moment Equation for Effective Temperature
As previously discussed, the primary quantity of inter-
est in this work is Teff. The desired velocity moment is
v 
1
2
mv·v, since Teff is related to
1
2
mv2 via eqs 1, 2,
and 3. The corresponding moment equation (for total
kinetic energy) obtained from eq 8 is eq 9.
d
dt
1
2
mv2
e
m
E ·mv Jˆ
1
2
mv2 (9)
Evaluation of Jˆi via the matrix representation of the
collision operator is generally used [48] when results of
the highest accuracy are desired. An alternative ap-
proach that gives the same result is to use an approxi-
mation method based on momentum transfer theory, in
which the momentum and energy gained from the
electric field by the ion is balanced at steady-state by
losses (of momentum and energy) due to ion-neutral
collisions.
In this approach, the right hand side of eq 9 is
equated to the average rate of energy-transfer. From the
condition for energy balance, that rate can be approxi-
mated by multiplying the average energy transferred
from an ion to a neutral upon their collision,
1
2
g2 ·
1  cos 	, (where  is the ion-neutral reduced mass,
and g is their relative speed) by the average collision
rate, 
. Summing all collisions by integrating over all
collision angles, 	, then gives eq 10 [44].
Jˆ
1
2
mv22
mM
mM212mv2 12MV2
 (10)
Substituting eq 10 into eq 9 yields eq 11, where the
momentum-transfer collision frequency, , is given by
eq 12.
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t
1
2
mv2 eE · v 
2m
mM12mv2 12MV2 0 (11)

M
mM

 (12)
Finally, eq 11 (and eq 9 as well) can be converted to the
desired (ordinary) differential equation for the moment
of ion effective temperature by using eqs 1, 2, and 3. The
result is given by eq 13, where   Teff/T.
d
dt

2
3kBT
e
m
E · v 
2m
mM

 1 0 (13)
Thus, solution of the moment equation for effective
temperature (or energy) requires another moment
equation, one describing variations in v or a related
quantity.
Moment Equation for Ion Velocity
Proceeding in a similar manner to that used to derive
the moment equation for energy via momentum trans-
fer theory, momentum balance dictates that the average
rate of momentum transfer is given by Jˆmv. This aver-
age rate, in turn, can be approximated by multiplying
the average momentum transferred from an ion to a
neutral upon their collision, g1  cos 	 by the
average collision rate. Further, realizing that averaging
over all collisions gives g  v and then integrating
over all collision angles leads to eq 14 [44].
Jˆmv
v (14)
The required moment equation is obtained by using 
 mv in eq 8 to give eq 15.

t
mv eE Jˆmv (15)
Substitution of eq 14 into eq 15 and dividing through by
m leads to eq 16.
d
dt
v 
e
m
Ev  0 (16)
Because eq 16 is a vector equation, it can be rewritten as
three ordinary differential equations for the moment of
ion velocity in each of the Cartesian coordinate direc-
tions, vx, vy, and vz as presented in eq 17.
d
dt
vu
e
m
Euvu 0, u x, y, z (17)Thus, eqs 13 and 17 constitute a complete system of fourdifferential equations that can be solved directly (nor-
mally, by numerical methods) for the average velocity
along three mutually perpendicular directions in the
apparatus, for the effective temperature (or equiva-
lently, center-of-mass energy), and for the ion number
density, each as a function of time and position.
Physical Configurations and the Associated
Electric Fields
In this paper, all quadrupole ion traps are assumed to
be cylindrically symmetric about the z-axis, and to have
the potential R in eq 18 applied to the ring electrode
(internal radius r0).
RURVR cos t (18)
Here the amplitude of the DC component is UR; the
zero-to-peak amplitude of the AC component is VR and
its angular frequency is . The identical endcaps,
spaced a distance 2z0 apart, are arranged symmetrically
with respect to the trap center. These variables are
generally combined to give the dimensionless parame-
ters a and q, which are defined in eqs 19a and b.
az2au
16eUR
mr02 2z022
u x, y (19a)
qz2qu
8eVR
mr02 2z022
u x, y (19b)
In the resonance excitation technique, the supplemen-
tary potential D in eq 20 normally is applied 180°
out-of-phase (i.e., in a dipolar fashion) to each endcap.
D 
UDVD cos t ⁄ 2 (20)
Here UD is the amplitude of its dc component and VD is
the peak-to-peak amplitude,  the angular frequency,
and  the phase shift of its ac component. In this work,
UD and VD also are combined to give the new dimen-
sionless parameters b and d, defined in eqs 21a and b).
bz2bu
16eUD
mr02 2z022
u x, y (21a)
dz2du
8eVD
mr02 2z022
u x, y (21b)
The total electric potential, (x,y,z,t) in the quadrupole
ion trap can be expressed by a multipole expansion of
the form shown in eq 22 [52].
x, y, z, tR 
l0

A2l
R rr0
2l
P2lzr

D
r 2l1 zD 
l0
A2l1r0 P2l1r (22)
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Legendre polynomials, Pl, of order, l, are dependent on
the specific physical configuration of the ion trap. The
Al values, obtained from the ion trap simulation pro-
gram ITSIM [25, 26], are shown in Table 1 for an ideal
trap, a Finnigan ITMS “stretched” trap, and a Finnigan
LCQ trap. The R and D superscripts associated with Al
indicate that the terms involve the ring and endcap
electrodes, respectively. In addition, the standard val-
ues for r0, z0, and  are indicated.
The three components of the electric field are ob-
tained by partial differentiation of (x,y,z,t). The results
are shown in eqs 23a and b).

e
m
Eu
2
4 
a˜u 2q˜u cos tu

b˜u 2d˜u cos tuz
r0
, u x, y (23a)

e
m
Ez
2
4

a˜z 2q˜z cos tz

b˜z 2d˜z cos tr0 (23b)
In eqs 23a and b the dimensionless parameters a˜, q˜, b˜,
and d˜ (defined in Appendix A) are similar to a,q,b, and
d, but they are modified by terms that include distance
from the trap center and the expansion coefficients to
take into account nonlinear variations with position and
differences in configuration. Note that a˜ and q˜ become
equal to a and q, respectively, for an ideal trap, since
A4
R, A6
R  0, A2
R  1 and z0  r02 in that case.
However, because the endcaps are hyperbolic, the di-
pole term, A1
D  1 and the terms, A3
D, A5
D  0, as would
be the case for an ideal dipole field. It is also interesting
to note that even at the trap center, a˜  a and q˜  q for
the nonlinear traps because A2
R  1 and z0 
r02.
Substituting the expressions for Eu given in eqs 23a
and b) into the moment eqs 13 and 17, produces eqs 24,
Table 1. Properties for selected ion trap configurations
Parameter
Ion trap configuration
Ideal ITMS LCQ
r0 (cm) 1.000 1.000 0.707
z0 (cm) 0.707 0.783 0.783
/2 (MHz) 1.0 1.1 0.76
A1
D 0.568 0.4929 0.2151
A2
R 1 0.8945 0.5744
A3
D 0.278 0.2394 0.0978
A4
R 0 0.0158 0.0044
A5
D 0.018 0.0234 0.0225
A6
R 0 0.0076 0.002125a and b).d
dt

2
6kBT

ux,y,z

a˜u 2q˜u cos tuvu

2m
mM
 1

2
6kBT

b˜x 2d˜x cos txzr0 vx
 
b˜y 2d˜y cos tyz
r0
vy
 
b˜z 2d˜z cos tr0vz 0 (24)
d
dt
vu
2
4 
a˜u 2q˜u cos tu
 
b˜u 2d˜u cos tuz
r0
vu 0,
u x, y (25a)
d
dt
vz
2
4

a˜z 2q˜z cos tz
 
b˜z 2d˜z cos tr0vz 0 (25b)
When  is constant (see the Maxwell model, below), eqs
25a and b) can be solved analytically. Consequently,
inserting the solutions for all vu values into eq 24 gives
an ordinary differential equation that also can be solved
analytically for . Both analytical solutions are given in
Appendix B.
Ion-Neutral Collisions
From momentum-transfer theory,  is given by eq 26,
where N is the neutral number density and 
 is equal
to NgQ1.
KErel
M
mM
NgQ1KErel (26)
The momentum-transfer cross section, Q1, taken at
average energy KErel, is defined as an integral over the
impact parameter, b [53]. Momentum-transfer theory
assumes a Langevin or Maxwell collision model for
which the interaction potential has an inverse-fourth
power (attractive) potential. In that case, the classical-
mechanical expression for Q1, given in eq 27, is essen-
tially exact.
Q1 2.210 e22KErel
1
2
(27)
In the above equation, , is the polarizability of the
neutral. It should be noted that the value calculated for
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calculated for orbiting collisions, because the former
takes into account trajectories for which b is greater than
the critical impact parameter. Since Q1 is inversely
proportional to g in this case, the result is that  is
constant for momentum-transfer theory.
Within the context of two-temperature theory, the
momentum-transfer collision frequency is defined by
eq 28, which is the analog of eq 26.
Teff
4
3
M
mM
N8kBTeff

1⁄2 1,1Teff (28)
In this instance Q1KErel is replaced by the collision
integral, 1,1Teff, obtained by averaging Q1KErel over
the distribution of KErel values. For the Maxwell model,
the quantity Teff1⁄2 1,1 is independent of Teff. Therefore,
as with the momentum-transfer theory,  in the two-
temperature theory is constant for Maxwell interac-
tions.
For classical-mechanical rigid-sphere collisions, Q1
and 1,1Teff are constant (and equal to d2 for rigid
spheres of diameter d) instead of . Consequently, eq 28
can be rewritten as eq 29, indicating that  is dependent
on Teff (or equivalently KErel) for that collision model.
Teff
4
3
M
mM
N8kBT

1⁄2 1,1(Teff)TeffT 
1⁄2
0TeffT 
1⁄2
(29)
In the case of general ion-neutral interactions, for which
the interaction potential has been determined via ab
initio methods, it is now routine to calculate values for
Q1KErel by numerical techniques [54, 55]. The cor-
responding collision integral can then be obtained
by averaging as before; subsequent substitution of
 1,1 Teff into eq 29 gives Teff.
Because  is constant for ion-neutral interactions
governed by the Maxwell model, the velocities vu in
equations (24) and (25a,b) are independent of each other
in this case. However, for rigid-sphere collisions and
the type of general ion-neutral interactions noted above,
 is dependent on Teff (or equivalently KErel). Thus, the
moment equations eqs 13 and 17 are coupled by  in this
situation, thereby allowing kinetic energy to be ex-
changed among the three components of velocity via
collisions.
Results and Discussion
The following examples, although not comprehensive,
will illustrate some of the capabilities of moment theory
for predicting the characteristics of ion ensembles dur-
ing various processes in ion traps. Specific characteris-
tics calculated from eqs 13 and 17 include the position-
and time-dependent effective temperature, Teff, associ-ated with ion storage and resonance excitation [recall
that the explicit indication of time and position depen-
dence for (r,t) (e.g., Teff(r,t)  (r,t)·T was dropped in
eq 8, but in fact Teff does represent an ensemble average
over the ion population at a specific r and instantaneous
t]. It is important to note that in these and other
calculations described below, the rather narrow range
of distances used (0  z  1 mm from the trap center)
does not imply that ion trajectories are limited only to
those regions of the trap. Rather, the implication is that
the relatively small effects on effective temperature seen
in regions of low electric field strength can be expected
to be more pronounced as ions move farther from the
trap center. The calculations were performed initially in
Mathcad 12 by coding the analytical solution for Teff
given in eq B.14, and the results were then verified
using the Mathcad differential equation functions to
solve eqs 13 and 17. In all examples, the buffer gas (He)
temperature and pressure were T  300 K and 0.001
torr, respectively, and the ions were m/z  100. The
Maxwell model was used for ion-neutral collisions.
Values of other pertinent parameters are indicated as
required below.
Fundamental Frequencies of Ion Oscillation
In an ideal trap the fundamental circular, f u,0
ideal, and
angular, u,0
ideal, frequencies of oscillation, given by eq 30,
are position-independent.
f u,0
ideal
u,0
ideal
2

u
2

2
u x, y, z (30)
The coefficient u is given by a continued fraction
expression [5] in terms of au and qu. However, for a
non-ideal trap, fu,0 varies with the amplitude of ion
oscillation due to the nonlinear electric fields. This
variation can be calculated using eq 31 in which the
fundamental frequencies are written in a modified
form, f˜u,0, that is a function of a˜u and q˜u, and thus
implicitly also a function of the ion location (see Ap-
pendix A). Note that ˜u is calculated from the same
continued fractions expression as u, but with a˜u and q˜u
substituted for au and qu.
f˜u,0x, y, z
˜u,0x, y, z
2

˜ua˜u, q˜u
2

2
u x, y, z
(31)
The variation of f˜u,0 with specific ion trap configuration
also can be determined, since a˜u and q˜u are functions of
the expansion coefficients, Al, which differ for the shape
and spacing of electrodes (see Table 1). Figure 1 shows
values of f˜z,0 (normalized by /2) at qz  0.3, calcu-
lated as a function of axial distance from the trap center
for the ITMS, ideal, and LCQ configurations. The equa-
tions used for the calculations (eqs 31 and A.1a and b),
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were coded in Mathcad 12. Because ˜z does not vary
with axial position in the ideal trap, f˜z,0 is invariant over
the indicated z range. Over the same axial distance, the
relative variation in the normalized value of f˜z,0 is
slightly larger for the LCQ than for the ITMS.
Ion Storage
In the collision-dominated regime of RF ion traps, ion
power absorption from the oscillating electric fields can
lead to an increase in their effective temperature [35,
36]; the process is known as RF heating when the power
source is the main RF trapping field. Thus, during ion
trapping the increase in Teff due to RF heating should be
a function of: (1) qux,y,z (or equivalently, VR) at a fixed
distance from the trap center, and (2) distance from the
trap center at a fixed qux,y,z, because the electric field in
ion traps varies with each (see eq 23). Figure 2 shows
the variation in Tˆeff at an axial distance z  0.25 mm
from the trap center, calculated as a function of qz for
the ideal, ITMS, and LCQ traps in which only the ring
RF voltage is applied. The plotted Tˆeff points represent
the time average of Teff over 10 cycles of f˜z,0 correspond-
ing to the relevant qz. Note that although ion trapping
does not occur at qz 0 since the electric field is zero, Tˆeff
is equal to T in this case due to thermal heating from
ion-neutral collisions. The plot in Figure 3 compares Tˆeff
values at qz  0.3, calculated as a function of axial
distance (z  0–1 mm) from the trap center, for the
same trap configurations and applied voltage as in
Figure 2. Each plotted Tˆeff data point again represents
the time average over ten cycles of f˜z,0 at qz  0.3. A
Figure 1. Variation in the fundamental axial (circular) frequency,
fz,0, for trapped ions at qz  0.3, normalized to the trapping RF
(circular) frequency, /2, calculated as a function of axial
position, z, z  0 at the trap center) for the ITMS, ideal, and LCQ
configurations.delay time of 3/, which is about 4 ms for ions of m/z 100 and a He pressure of 1 mTorr, preceded each
averaging step in both Figures 2 and 3.
For each qz curve in Figure 3, Tˆ eff is 300 K at the trap
center because Ez is zero at that location (there is no
contribution from Eux,y along the z-axis); ion heating
again results only from thermal motion of the neutrals.
As expected, Tˆeff increases with  qz (Figure 2) and with
axial distance (Figure 3) from the trap center due to the
increase in Ez with those parameters. The Tˆeff results
Figure 2. The time-averaged ion effective temperature, Tˆeff, at an
axial distance of z  0.25 mm from the trap center, calculated for
the Maxwell model of ion-neutral interactions as a function of qz.
The individual curves represent results for three different ion trap
configurations in which only the ring RF voltage is applied: ideal,
ITMS, and LCQ. Each plotted point is the time average over 10
cycles of the fundamental axial frequency at the relevant qz (see
text), after a delay time of 3/ (about 4 ms for m/z 100 ions in He
at 1 mTorr).
Figure 3. The time-averaged ion effective temperature, Tˆeff, at qz
 0.3 for the Maxwell model of ion-neutral interactions calculated
as a function of axial position, z, from the trap center. The
individual curves represent results for three different ion trap
configurations in which only the ring RF voltage is applied: ideal,
ITMS, and LCQ. Each plotted point is the time average over 10
cycles of the fundamental axial frequency at q  0.3, after a delayz
time of 3/ (about 4 ms for m/z 100 ions in He at 1 mTorr).
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center at a fixed qux,y,z, (not shown) followed a similar
dependence to that in Figures 2 and 3. However, the
increase in Tˆeff along those directions was 1/4 that
along the axial direction. The decrease in Tˆeff, ITMS 
Ideal  LCQ, seen in Figure 2 also is in the order and
the approximate ratios expected from eq 24, since
ITMS
2 :Ideal
2 :LCQ
2  2.1:1.7:1.0.
Resonance Excitation
As noted in the Introduction, resonance excitation is a
widely used technique for increasing ion kinetic energy
and, thus, Teff in ion traps. Figure 4 and Figure 5a and b
are revealing in regard to the underlying means by
which the increases in Teff occur. Figure 4 shows Tˆeff
curves at z  0.5 mm calculated for situations in which
a dipolar excitation signal is applied to the endcaps of
an ideal trap (in addition to application of the main
trapping voltage to the ring). The plotted Tˆeff values
represent the time average of Teff over 10 cycles of the
appropriate fz,0, with a delay time of 4 ms preceding
each averaging step. The four curves correspond to
selected qz values (0.1, 0.2, 0.3, 0.4); each curve covers a
dz range from 0.000–0.0010, which represents a peak-
peak amplitude range of 0–1023 mV. For each qz curve,
the frequency of the applied signal, fz  z/2 corre-
sponds to the axial secular frequency, fz,0, determined
from eq 30; that is, the dipolar signal is resonant with
the ion secular oscillations. Note, however, that when dz
 0.000 the situation corresponds to an ion trapping
Figure 4. The time-averaged ion effective temperature, Tˆeff, at an
axial distance z  0.5 mm from the center of an ideal trap for the
Maxwell model of ion-neutral interactions, calculated as a func-
tion of the parameterized dipolar excitation voltage, dz (see text).
The peak-peak value of the dipolar excitation voltage, VD, is
linearly related to dz, with 1023 mV corresponding to dz  0.001.
The individual curves represent results for four different qz values.
Each plotted point is the time average over 10 cycles of the
fundamental axial frequency at qz  0.3, after a delay time of 3/
(about 4 ms for m/z 100 ions in He at 1 mTorr).scenario, so any increase in Teff above thermal is due toion RF heating only. Figure 5a and b show segments of
the calculated time-dependent Teff data from which the
Tˆeff data points at [qz  0.2, 0.4; dz  0.000, 0.001] in
Figure 4 were derived.
Over the indicated dz range in Figure 4, the increase
in Tˆeff due to dipolar excitation is small for any individ-
ual curve (e.g., only 1.3 K and 0.3 K for dz  0.001 at qz
 0.2 and 0.4, respectively). In contrast, additional RF
heating due to changes in qz (VR) results in signifi-
cantly larger Tˆeff increases (e.g., 7.9 K and 31.7 K for dz
0.000 at qz  0.2 and 0.4, respectively). These effects also
can be seen in the time-dependent Teff plots in Figure 5a
and b. When dz  0.000 the time-dependent Teff values
vary at twice the main RF frequency, 22, since
power is absorbed during both positive and negative
phases of the main RF. Application of the dipolar excita-
tion signal at dz  0.001 results in the 22Teff oscilla-
Figure 5. The time-dependent, ion effective temperature, Teff, at
an axial distance of z  0.5 mm from the trap center, calculated
without (dz  0.000) and with (dz  0.001) a simulated dipolar
excitation voltage applied to the endcaps. Tˆeff is the time average of
Teff over four cycles of the fundamental axial frequency at the
relevant qz, after a delay time of 3/ (about 4 ms for m/z 100 ions
in He at 1 mTorr). (a) qz  0.2; (b) qz  0.4.
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of modulation is greater for qz  0.2 than for qz  0.4
(because VR(qz  0.2)  VR(qz  0.4)), in each case it is
considerably less than the amplitude of oscillations at
2(/2). These results suggest that ion heating in the
resonance excitation process is primarily due to increased
power absorption from the RF field rather than from the
dipolar excitation signal. The dipolar excitation signal
mainly serves to move ions into regions of the ion trap
where the RF electric field, and thus ion RF heating, is
greater than near the trap center.
Conclusions
The moment equations resulting from transformation of
the Boltzmann equation retain a significant attribute:
the temporal and spatial dependence of the ensemble
average value for any property that is a function of the
ion velocity can be determined from the corresponding
moment. It is possible to apply moment theory to RF
ion traps because spatial gradients of the ion number
density are much smaller than spatial variations of the
electric field and typical momentum-transfer collision
frequencies are much smaller than the RF frequencies
involved. In this paper, both ideal and non-ideal ion
trap configurations are accounted for in the two-tem-
perature moment equations by incorporating parame-
terized variables a˜ and q˜, which are modified versions
of the commonly used forms for the DC and AC ring
voltages, and b˜ and d˜, which are new forms that account
for the voltages applied to the endcaps.
Application of the moment equations to specific
situations has been focused on the space and time
dependence of the ion effective temperature during ion
storage and resonance excitation. Calculations suggest
that increases in effective temperature during resonance
excitation are due primarily to power absorption from
the main RF trapping field rather than from the dipolar
excitation signal. The dipolar excitation signal appar-
ently serves mainly to move ions into regions of the ion
trap where the RF electric field, and thus ion RF heating,
is greater than near the trap center. The applicability,
however, is not limited to just ion storage and reso-
nance excitation processes. For example, application of
the above moment equations to the boundary activation
technique to determine effective temperature behavior
for that method also should be straightforward. Of
major interest as well is the dynamic behavior of the
average effective temperature for the entire trapped ion
population. Obtaining that information requires using
the ion number density distribution, n(x,y,z,t), to weight
the Teff values at each position by the corresponding
number of ions, summing over all positions, and aver-
aging over all ions. An expression for n(x,y,z,t) has been
obtained elsewhere by solving the equation of continu-
ity [49]. That result, however, does not consider the
effect of the space charge field induced by the trappedion population, a process that is outside the scope of
this paper.
Besides extending the applicability of the moment
equations to non-ideal quadrupole ion traps, the mod-
ified versions of the parameterized variables can have
additional utility. For example, calculation of the spatial
dependence of ion secular oscillation frequencies for
different ion trap configurations is possible. Such cal-
culations might potentially be used at the design stage
for new ion trap configurations to reduce expected
chemical mass shifts [56]. On the other hand, the
moment equations also are subject to limitations of the
Boltzmann equation from which they are derived; the
significance to this work is that applicable systems are
restricted to those comprised of trace concentrations of
atomic ions moving through a pure, dilute buffer gas
consisting of unreactive atomic neutrals. The latter
limitation will be addressed in a forthcoming paper that
extends ion trap moment theory to molecular systems.
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Spectrom. 2003, 228, 237–267.Appendix AParameterized Variables for Non-Ideal Traps
In eqs 23a and b, 24, 25a and b, the DC and RF ring electrode voltages have been converted into the
dimensionless, parameterized variables a˜ and q˜ that are defined by eqs A.1a and b. The additional variables b˜
and d˜, defined by eqs A.2a and b, are parameterized forms of the voltages applied to the endcaps. The forms
of a˜ and q˜ are similar to the parameterized variables a and b (see eqs 19a and b) commonly used in ion trap
studies, but they are modified by terms that include the expansion coefficients, Al, to take into account a specific
configuration. Similarly, b˜ and d˜ are modified forms of the parameterized variables b and d (see eqs 21a and b).
The ellipses in eqs A.1a–A.2b) represent higher order terms that could be obtained from eq 22 if necessary.
a˜u
au

q˜u
qu

A2
Rr02 2z02
2r0
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2r0
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R
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bu

d˜u
du

A1
Dr02 2z02
4r0
2 0 6A3DA1D A5
D
A1
D
20z2 15x2 y2
r0
2   u x, y (A.2.a)
b˜z
bz

d˜z
dz

A1
Dr02 2z02
4r0
2 1 A3DA1D 6z
2 3x2 y2
2r0
2 
A5
D
A1
D
40z4 120z2x2 y2 15x2 y22
8r0
4   (A.2.b)
Appendix B
Solutions of Moment Equations for Non-Ideal Traps with Maxwell Collisions
For the Maxwell model in which  is constant, the solution of eqs 25a and b for the average ion velocity component,
vut, is given in eq B.2, with f˜u defined for all u in eq B.1.
f˜u
zu
r0
u x, y
r0 u z
(B.1)
vutvu0 expt
2
4

a˜uu b˜u f˜u
1 expt q˜uu 
2
222

 cos t
 sin t expt d˜u f˜u
2 cos D
22D2 

 cos DtD sin Dt expt
 d˜u f˜u
2 sin D
22D2 

D cos Dt sin DtD expt (B.2)
The dimensionless temperature ratio,  
Teff
T
, for the Maxwell model is obtained by substituting the results for vu,
given above by eq B.2, into eq 24. The solution of the resulting first-order differential equation is facilitated by first
writing it as eq B.3
d
dt
 A˜ expt B˜1 cos t expt B˜2 cos Dt expt C˜1 cos t
 C˜2 cos Dt D˜1 sin t D˜2 sin Dt E˜1 cos2 t E˜2 cos t cos Dt
 E˜3 cos
2 Dt F˜1 cos t sin t F˜2 cos t sin Dt F˜3 sin t cos Dt
 F˜4 sin Dt cos Dt G˜ 
 0, (B.3)
where
A˜
2
6kBT

u
(a˜uu b˜u f˜u)vu(0)24 (a˜uu b˜u f˜u) 
2
2(22)
q˜uu
2
2(2D
2 )
d˜u f˜u cos ()
2D
2(2D
2 )
d˜u f˜u sin ()
(B.4)
B˜1
2
3kBT

u
q˜uuvu024 a˜uu b˜u f˜u 
2
222
q˜uu
2
22D2 
d˜u f˜u cos 
2D
22D2 
d˜u f˜u sin  (B.5)
B˜2
2
3kBT

u
d˜u f˜uvu024 a˜uu b˜u f˜u 
2
222
q˜uu
2
22D2 
d˜u f˜u cos 
2D
22D2 
d˜u f˜u sin  (B.6)
˜ 
4 222 ˜ ˜ ˜ 
4 22D
2
˜ ˜ ˜ ˜C1
12kBT 
22

u
a˜uu bu fuq˜uu C2
12kBT 
2D
2 
u
a˜uu bu fudu fu (B.7)
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4
12kBT
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u
a˜uu b˜u f˜uq˜uu D˜2 
4
12kBT
D
2D
2 
u
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E˜1
4
6kBT

22

u
q˜ u
2 u2 E˜2
4
6kBT
 
22


2D
2 
u
q˜uud˜u f˜u (B.9)
E˜3
4
6kBT

2D
2 
u
d˜ u
2 f˜ u
2 (B.10)
F˜1
4
6kBT

22
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q˜ u
2u2 F˜2
4
6kBT
 D
2D
2 
u
q˜uud˜u f˜u (B.11)
F˜3
4
6kBT
 
22

u
q˜uud˜u f˜u F˜4
4
6kBT
 D
2D
2 
u
d˜u
2 f˜ u
2 (B.12)
G˜
4
24kBT

u
a˜uu b˜u f˜u2
 
 2m
mM
(B.13)
Then it is straightforward but extraordinarily tedious to find by the use of Laplace transforms that
t0 exp
t
A˜

 

expt exp
t

B˜1

 22 


 cos t expt exp
t  sin t expt

B˜2
(
 )2D
2 
(
 ) cos ()D sin ()cos (Dt) exp(t) exp(
t)
 D cos () (
 ) sin () sin (Dt) exp(t)
C˜1

22


cos (t) exp(
t) sin (t)

C˜2

2D
2 

 cos D sin cos Dt exp
t D cos 
 sin  sin Dt

D˜1

22
[cos t exp
t
 sin (t)]

D˜2

2D
2 
D cos 
 sin cos Dt exp
t 
 cos D sin  sin Dt

E˜1
2


1 exp
t
E˜1
2
2 42 


cos 2t exp
t 2 sin 2t

E˜2
2
2 D2


 cos  D sin cos Dt exp
tD cos 
 sin  sin Dt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E˜2
2
2 D2


 cos  D sin cos Dt exp
t
D cos 
 sin  sin Dt
E˜3
2


1 exp
t

E˜3
2
2 4D2 


 cos2  4D sin  cos 
 sin2 cos 2Dt exp
t
2D cos2 
 sin  cos D sin2 () sin 2Dt

F˜1
2
2 42 

2cos 2t exp
t
 sin 2t

F˜2 F˜3
2
2 D2

D cos 
 sin cos Dt exp
t

 cos  D sin  sin Dt

F˜2 F˜3
2
2 D2

D cos 
 sin cos Dt exp
t

 cos  D sin  sin Dt

F˜4
2
2 4D2 

2D cos2 
 sin  cos D sin2 cos 2Dt exp
t

 cos2  4D sin  cos 
 sin2  sin 2Dt
G˜



1 exp
t (B.14)
It should be noted that the dependence of  upon time is explicit in this result, but its dependence upon position is
implicit through its dependence upon the quantities A˜  G˜.
